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Stress distributions and displacements at the interface between an adhesive and an
adherend are examined when a T-type butt adhesive joint, in which two thin plates
are joined, is subjected to an external bending moment. In the analyses, general
representations of the stresses and the displacements are given using a two-
dimensional theory of elasticity in the case where two dissimilar plates are joined.
Next, in the case of plates with the same materjal, effects of Young’s modulus of
plates to that of an adhesive and the thickness of the adhesive on the stress
distribution are made clear by numerical computations. For verification, experiments
are performed and an analytical result is in a fairly good agreement with an
experimental one.

KEY WORDS Bending moment; butt joint; elasticity; strength design; stress
analysis; Young's modulus.
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1 INTRODUCTION

With the development of structural adhesives, the use of adhesive
bonding is increasing in manufacturing of machine tools and other
mechanical structures instead of conventional ways such as bolted,
riveted and welded joints.'™ That is, there are more attractive
features as described below in adhesive bonding. 1) stress distribu-
tion of a joint becomes almost uniform. 2) joining of different
materials is easy. 3) weight of a joint becomes light. 4) absorbing of
vibration is feasible due to damping or viscoelastic properties of
adhesives and so on. At present, however, in the case of structural
adhesive joints, data for designing joints are markedly fewer than
those of conventional joints and it is too difficult to estimate the
quality of the bonding state of a joint and its durability. On the
other hand, mechanical structures are subjected to various types of
loads, individually or in a complex way and statically or dynami-
cally, such as tensile, compressive, shearing, bending and torsional
loads. It is, therefore, necessary to establish designing and manu-
facturing methods, as soon as possible, by completing the requisite
data such as the stress and the deformation states of structural
adhesive joints subjected to each type of load.

Some analytical investigations have been made on the stress
distributions of adhesive joints using the finite element method* and
theory of elasticity.>® However, these analyses are done under
several assumptions such that the stress or the strain distributes
uniformly or linearly in an adhesive, so it seems that the boundary
conditions in these adhesive joints are not satisfied sufficiently.

The purpose of this paper is to obtain some fundamental data for
strength design of a T-type butt adhesive joint as a model of
mechanical structures with adhesively bonded joints. In the analy-
sis, the stress distribution and the displacement of this adhesive
joint subjected to an external bending moment, in which two
dissimilar plates are joined, are examined using a two-dimensional
theory of elasticity. Furthermore, in the case of two plates with the
same material, the effects of the ratio of Young’s modulus of the
plates to that of an adhesive, and the thickness of an adhesive, on
the stress distribution are made clear by numerical analyses and
experiments.
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2 THEORETICAL ANALYSIS

Figure 1 shows a model for analysis of a T-type butt adhesive joint
subjected to an external bending moment M at the top end. Two
dissimilar finite thin plates, called the adherend(I) and
adherend(III) hereinafter, are joined by the adhesive(Il). The
length and the height of each adherend are 2/,, 2k, 2/; and 2h;,
their Young’s modulus and Poisson’s ratio are E;, v,, E3 and v;,
respectively. Similarly, the thickness of the adhesive is 2k, and its
material constants are E, and v,. In the present analysis, the
bending moment M is substituted for a linearly distributed force
F(x) on the top end of the adherend(I) as shown in Figure 1; in

§ %,Y2)3
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! E11V1

+— 1= X

Oy

2hy
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tAdhesive (II) +=x2
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FIGURE 1 Model of T-type butt adhesive joint subjected to a bending moment.
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addition, the distribution of the force F(x) is expressed by the
equation

F(x) = Pyx/l, = D, a,sin(2s — 1)x/2l,
§s=1

using Fourier expansion. Thus, boundary conditions of the joint are
expressed as the following equations (1)-(15).
For the adherend(I),

od=0 (x, = %) 1)
o’ =3 asin——mx (1=h) )
s=1 1
T.(xly) =0 nh=h) (3)
For the adhesive(Il),
of=0 (x,==l) 4)
For the adherend(I1I),
ofM=0 (x3=1%l) 3
f;((lym =0 (y3=-hs) (6)
V=0 (5= —hy) ™

At the interface between adherend(I) and adhesive(Il) (y,=
—hy, 2= ha),

0—9) = 091) (—11 _S.X],zé Il) (8)

W=t (hEx,=h) )
ou®  autm

- L =x,,=1 10

or, ~ ox, (hEM2ED) o

U(I) - U(") (__[1 gxm = ll) (11)

At the interface between adhesive(II) and adherend(IIl) (y,=
_hZ’ )’3=h3);

0 (I <lxsl <13)
o (=L Z2x53=1)

0 (U <ixi| <l3)
am _ 11X 13
-l gy 49

G;m) = {

(12)
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Sy 5,
ax = ax ("11 §x2,3§ll) (14)
3 2

LD — o, (D (liZx5=1) (15)

In these equations, o,, 0,, 7,, denote the normal and the shear
stresses, u and v denote the displacements in x and y directions,
respectively. The superscripts (I), (II), and (IIT) correspond to each
adherend and the adhesive, respectively. Using Airy’s stress func-
tion x to analyze the stress distribution of the adhesive joint, the
stress and the displacement components are expressed by the
following equations (16) and (17).

*x Fx x
zew; ay=a—x2’ rxy=—axay (16)
2Gu=—%+—-—1—§-‘£
ox 1+vay (17)
2Gv——%+—-1—«ﬂ (G=ER(1+v))
T 8y 1+vox -
where
3y ¥ 3
202, — , V2 — , V2 = ( 2_ _— )
VvVey =0 3% 3y py=0 [V o 2+ )

The stress function x for the adherend (I) is taken as follows in
consideration of the boundary conditions.’

20 = 4+
1P =1, B, by, L, g, Ay, AL, Q4 x4, 31)
20 = 1A B ko, b, a4 AL Qx4 )
%8P =X§I)(l‘i}n B, by, 1, o)), A A, @ x,, 1)
P = xﬁ')(f\‘ Bl by, L, o, 2, AL, QL x1, 31)
2 12 [{cosh(all,) + all, sinh(all,)} sinh(alx;)

—alx, cosh( anly) cosh(alx )] cos(aly;)

+ 2 sz [{sinh(Ajh,) + Alh, cosh(Ak,)} cosh(Aly,)
Aly, sinh(A%h,) sinh(Aly,)] sin(Alx,)
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2 Z ,12 [{cosh(a,M1)) + &}, sinh(a,'l,)} sinh(a,'x;)
a'x, cosh(aﬁ,‘ll) cosh(a,x,)] sin(a;'y;)

+ 2 . 12 [{cosh(Alh,) + Ak, sinh(Ath,)} sinh(Aly;)

A§y1 cosh(/lI 1) cosh(Aly,)] sin(Akx;)

2 ,12 [{cosh(a,'l,) + a,'1; sinh(a,'1,)} sinh(a)'x,)

- alx, cosh(aﬁ,‘ll) cosh(a,'x)] cos(aly,)
© BI

-2

= QIAIZ
- /1:)’1 COSh(Aihl) sinh(/ﬂyl)} Sin()hlxl)

=3 <

=, AI /2

—alx, cosh(af,,ll) cosh(ayx,)] sin(aly,)

{Aln, sinh(Alh,) cosh(Aly,)

[{cosh(ayl;) + anl; sinh(ahly)} sinh(alx,)

)

-2

{Alh, cosh(Alh,) sinh(Aly;)

!
— Ay sinh(Ath,) cosh(Aly))} sin(Alx,) (18)
where,
[ _hw g 2n—1 1 2s—1
= = s A’s=
al n ol o T o T

Al = sinh(all;) cosh(ally) — all, = A}
Al = sinh(aM,) cosh(aly) — oM, = AL
Q! = sinh(Ah,) cosh(Ath,) + Ak, = Q!
Q! = sinh(Alh,) cosh(Alh,) — Alh, = Q!
In Eq. (18), AL, BL, AL, BY, AL, Bl Al and B! (n,s=1,2,3,...)

are undetermined coefficients determined from the boundary condi-
tions. In the same manner, stress functions y'” for the adhesive(II)
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and x™P for the adherend(IIl) are expressed as the Egs. (19) and
(20) by replacing [y, ky with [;, h, and I3, h; in Eq. (18).

20 =0+ 280+ 240+ 4P (19)
O = (D) (D) | o (0D 4 (D) (20)
Moreover, undertermined coefficients AY, B, AL . . gm A

and BM (n,5=1,2,3,...) included in these equations are also
determined from the boundary conditions.

Substituting Egs. (18)-(20) into Eqgs. (16) and (17), and equating
the obtained results to the boundary conditions (1)-(15), the
relationships among undetermined coefficients are written as the
following Egqs. (21-(35), by transforming cosh(x), x sinh(x),
sinh(y), ycosh(y) and so on included in these equations into
Fourier series.

w
it
—-
“
1l
—

. . (21)
AL~ Bisl,=0, AL- Bis;i=0
s=1 s=1
2 AQL-B- 3 A04-Bl=q, (22)
n=1 n=1
S AR, -B+3 ARL-B)= (23)
n=1 n=1
AU- S BUP =0, AU+ NP =0
s:l s:] (24)
Al— 2 Bus! =¢, A" Z §§1S;§I=
s=1 s=1
Al _ i Bupl A'” i émP,m
! " (25)

8

AIII E IslII 0 A 1 i B!"S,',_IYH 0
=1

=®x =<2

z uRm Bi” _ 2 ZLIIRgII+§}II =0 (26)
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BzIIF?I _ B?IFEYI 2 AIIIHIII

n=1

+ By i ZLIIH;&II + §;1l]:1§|1 =0

n=1

 AnQus + By

ﬁMs

n=1

8

- S ANQL+ B+ S Ao+ B =0
1

n n=1

>, ARl ~ 81~ 3 AR+ B
n=1 . n=1
+ 3 AURIL- B+ Y AURM-BY=0
ngl rgl
S AL - BVi+ 3 AUL- BV - BW,+ B!
n=1

_ 2 A"U" +ann+ 2 A"U'" §nvrn

n=1

Bllwll BIIWlII =0

BiF - BEI— S ALHL + B+ 2 ALHL+ B

n=1

+ BUFU+ GO - S AUy

n=1

FBY =S AMH - B =0,

n=1

2 an| 3 ANQM, - B+ 3 Atoit+ B
— n=1 n=1

m=1
» ALIIQ’I:YI_._B?I_._ Z ZLIIQ;}YII+§§II=O
n=1 n=1
S an ] 3 AURY, - B 3 ABR:E -+ 5]
m=1 n=1 n=1

+un{i A:."RL?—B?I“‘ i Z'IIIIRgn__ §:n} =0
n=1 n=1

@7)

(28)

(29)

(30)

@31

(32)

(33)
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n=1

+ By - BRwm - BRwin| - 3 ANUL + BV

Ms

1

i

m=1

?Ms TnMs

where,

Pi =

[) g
ns =

Sk, =

o

ns

Q=

1) R
ns =

RI

] .
ns =

ASHS+ B+ 3, A

Q:h 1 ('1? + o Lz)

5, b 3 AU~ BV S AU
m2=l 2 2

n=1

«

Z UlII+BIIViII+BIIWII B"'IIWIII_O

b {BIIIFIII BIIIFIIII z AHIHIH + BIH]“I

n=

110301 AIII 77111 RII I I 11
AVH = B, }+13st — BUF!

Y

HIII + BIIJ!II =0

—1\n+s3I 12
4(=1) A’a"zsinhz(lihl)

4(__ 1)n+sA§a/’lllZ

élh 1(1]2 I12)2 COSh2(A£h1)

4( 1)n+s 113

thl(llz 112)2 COShz(A'y"l)

4(— 1)"”(1,,
‘ Ihl( Alz 12)2
4( 1)n+sAIZ
ALOE T a2y cosh*(anl;)
A1) AR
ZI 11(112 + 112)2

4( 1)n+slla112 ,
AL+ a Py cosh®(a,1;)

sinh*(Alh,)

cosh?(a,'l,)

4(=1)yalal

W cosh®(all,)
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Hi = 2(—1)"** cosh®(a;1;) {v 1 aP- Aiz}
= G AR + ) vy T
"o 2( 1)n+s COShZ(a l ) {’V -1 aLZ_ A:z}
T GAIGE o) Ty e
2
Fi= EAG sinh®(Alh,)
= coshz(,l‘hl)
E.AQ
I_ 1 v—1 . I .
Js - 2G1AIQI A-sh] + 1 v Slnh(lshl) COSh(Ash 1)
11 1 v—1 . I L
s 2GIA[§1 sy — 1+ v Slnh(lshl) COSh(Ashl)
Ub = 2al(—1)"** cosh?(ally) {v ~1 a2- uz}
ns 26151 1(/112+ CYIZ) 1+v 0’124'}»?
Url za'l( 1)n+s COShZ(a,Ill) {'V -1 a,"ll2 - Aiz}
YT T2GALOE ) Uty o AR
1 -1
I I . " .
b rexer {A By + 1 —sinh(ilh,) cosh(,lshl)}
vi= Mh, — L2 inh(Ath '
$ TG U T T M (Ash1) cosh(Ash)
W= EQ cosh®(Ath,)
W= 2 csinh*(Ath,)
1825
1 fsin(A, =AML sin(An + AN
= 13 AL _ I T I }
1 sin(AN = AN, sin(AR' + AN,
b"“_E AT I U }

In computations, infinite terms of the series with respect to n and
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s in Egs. (21)-(35) are taken as finite terms N, ie. 24 XN
simultaneous equations with undetermined coefficients A}, B, AL,
BL ..., A BM AM and B are obtained. These undetermined
coefficients are determined by solving the above equations. Finally,
the stress and the displacement distributions are obtained using the
determined coefficients.

3 EXPERIMENTAL METHOD

Figure 2 shows an experimental setup and dimensions of the joint in
which two adherends with the same material are joined. It is seen
from the figure that the thickness ¢ of adherends is very thin
compared with the other dimensions. This reason is that the analysis
of the adhesive joint can then be done under a generalized plane
stress state. The material of the adherends is structural steel (S45C,
JIS) and that of the adhesive is a type of epoxy resin, Scotch-Weld
1838 B/A (SUMITOMO 3M Co. Ltd.). The bonding surface of

Load cell
7, Main
spindle
Stainless Strain
steel rod - - /1 d/gauge
- g
|V = _
[—A - e - = =) =
-]
[ ]
‘Adherend(]) /B
7
. VLo
Adhesive(ll) Adherend(Dl} Tool
post

2h1=100 , 211= 50
2h2=0.05, 213=100
2h3= 50, t=72 (mm)

FIGURE 2 Sketch of experimental setup.
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each adherend is finished by grinding and degreased by acetone
prior to bonding. The adhesive joints are cured at 65°C for 24
hours. Twelve strain gauges (gauge length is 0.3 mm) are attached
to the adherends as close as possible to the interface of the
adhesive. An opposite end to the bonded surface of the
adherend(I1I1) is mounted tightly on the tool post of a lathe. A
bending moment is applied through a stainless steel rod inserted in
a through hole of the adherend(I), and detected by a load cell,
which is especially made for the experiment and mounted to the
main spindle of the lathe. The normal stresses of the interface in the
adherend are picked up by the strain gauges and the output signals
are recorded by an oscillograph through dynamic strain amplifiers.

4 NUMERICAL RESULTS AND COMPARISONS WITH
EXPERIMENTAL ONES

4.1 Numerical results

Numerical computations are carried out with the same dimensions
of the adhesive joint as those used in the experiment shown in Figure
2. In computations, the number of terms N of the series is taken as
100, which is checked to obtain the stresses and the displacements
with satisfactory accuracy. Figures 3 and 4 show effects of the ratio
E,/E, of Young’s modulus of the adherend to that of the adhesive

1.5¢
10
Lok ——=-100
>
o —-— 500 y
0.5} =
F
0 0.5 1.0

*/1y

FIGURE 3 Effects of the ratio of Young’s modulus of adherend to that of adhesive
on the normal stress distribution. (24, = 100 mm, 2h, = 0.05 mm, 2k, = 50 mm).
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015

'ny/%
o

-015

-0.30

FIGURE 4 Effects of the ratio of Young’s modulus of adherend to that of adhesive
on the shear stress distribution. (2h; = 100 mm, 2k, = 0.05 mm, 2h; = 50 mm).

on the normal and the shear stresses at the interface between the
adhesive and the adherends. Also, the effects of the thickness of the
adhesive on each stress are shown in Figures 5 and 6. In these
figures, the abscissa is the ratio of the distance from the center of
the adherend in the x-direction to the half length I, of the
adherend(I) and the ordinate is the ratio of the normal or the shear
stress to the stress P, shown in Figure 1. The normal or the shear
stress distributions of the adherends and the adhesive in y,, y, and
ys-directions can be calculated from the present analysis.

From Figures 3 and 4, with a decrease of the ratio E,/E,, it is
seen that the singularities of the normal and the shear stresses
become large at the end of the interface between the adhesive and
the adherend, i.e., x/I;=1.0.® With regard to the effect of the

1.5¢

2h2=
a® 0.2mm
X 1o ———- 01
o —-— 0.05
0-5F =Z
/

X/l

FIGURE 5 Effects of thickness of adhesive on the normal stress distribution.
(2h, = 100 mm, 2k, = 50 mm, E,/E, = 100).
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015¢
:——.:'\
ao “—"\\\‘k X/“
F 0 05 S 1.0
2h2= \\
-0.15F
0.2mm
oY \

_0,30\_ —-— 0.05

FIGURE 6 Effects of thickness of adhesive on the shear stress distribution.
(2hy =100 mm, 2h; = 50 mm, E,/E, = 100).

adhesive thickness 2h,, it is seen from Figures 5 and 6 that the
singularities of both the stresses become large at the end of the
interface with a decrease of the thickness 24,.

4.2 Comparison with Respect to the Normal Stress

Figure 7 shows the comparison of a numerical result with an
experimental one with respect to the normal stress distribution at
the position where strain gauges are mounted and at the interface

Oy (MPa)
151

10f

-25 0 x  25(mm)

o ~10+ o Exp.
— Num.

-5l

FIGURE 7 Comparison between numerical and experimental results in the case
where the bending moment is 29.4 N-m.
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between the adhesive(II) and the adherend(III) (solid line) when
the external bending moment of 29.4 N-m is applied. In this
computation, Young’s modulus and Poisson’s ratio of the adhesive
and those of the adherend are 3.33 GPa, 0.34, 206 GPa and 0.3,
respectively. The abscissa is the distance from the center of the
adherend in the x-direction. From the figure, it seems that the
numerical result is in a fairly good agreement with the experimental
one.

5 CONCLUSIONS

The present paper deals with a stress analysis of a T-type buitt
adhesive joint subjected to an external bending moment and
discussion is made on some mechanical characteristics of the joint
from theoretical analyses and experiments.

Results obtained are as follows :

1) Stress distribution and displacement of the joint, in which two
dissimilar plates are joined, are analyzed using a two-dimensional
theory of elasticity.

2) In the case of two plates with the same material, effects of the
ratio of Young’s modulus of the plates to that of an adhesive, and
the thickness of the adhesive, on the stress distribution are made
clear by numerical computations.

3) Normal stress distribution at the interface between the ad-
hesive and the adherend is measured experimentally. It is shown
that the numerical result is in a fairly good agreement with the
experimental one.
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